Some properties of the higher grading integrable generalizations of the conformal affine Toda systems are studied. The fields associated to the non-zero grade generators are Dirac spinors. The effective action is written in terms of the Wess-Zumino-NovikovWitten (WZNW) action associated to an affine Lie algebra, and an off-critical theory is obtained as the result of the spontaneous breakdown of the conformal symmetry.
Introduction
Integrable theories in two-dimensions have been an extraordinary laboratory for the understanding of basic nonperturbative aspects of physical theories and various phenomena such as dynamical mass generation, asymptotic freedom, and quark confinement, relevant in more realistic models, have been tested [1] . A startling property which was exploited in the study of two-dimensional field theories is related to the possibility of transforming Fermi fields into Bose fields, and vice versa (see e.g. [2] ). In nonabelian bosonization, the massless free Dirac fermions [3] are shown to be quantum equivalent to the U(1) WZW model at level one and in this procedure certain fermion bilinears are identified with bosonic operators. Recently, it has been shown that certain symmetric space sine-Gordon models bosonize the massive nonabelian (free) fermions providing the relationship between the fermions and the relevant solitons of the bosonic model [4] .
On the other hand, the so-called conformal affine Toda models coupled to matter fields (CATM) are the higher grading extensions of the conformal affine Toda models [5] . The off-criticalŝl(n) ATM versions [5] - [6] constitute excellent laboratories to test ideas about confinement and the role of solitons in quantum field theories [6, 7, 8] , duality transformations interchanging solitons and particles [6, 9, 10] , as well as the reduction processes of the (twoloop) Wess-Zumino-Novikov-Witten (WZNW) theory from which the CATM models are derivable [5] . The ATM type systems may also describe some low dimensional condensed matter phenomena, such as selftrapping of electrons into solitons, see e.g. [11] , tunneling in the integer quantum Hall effect [12] , and, in particular, polyacteline molecule systems in connection with fermion number fractionization [13] . It has recently been shown [8] that the sl(2) ATM model describes a confinement mechanism and the low-energy spectrum of QCD 2 (one flavor and N colors). Recently some U(1) and U(1) x U(1) charged topological soliton solutions of certain class of affine Toda models have been interpreted as charged dyonic domain walls of 4D SU(N) gauge theory and N = 1 SU(N) SUSY gauge theory in the large N limit, respectively [14, 15] . Moreover, the affine Toda models and their integrability and duality properties can be used as toy models to understand the electric-magnetic duality in four dimensional supersymmetric gauge theories, conjectured in [16] and developed in [17] .
One of the difficulties with generalizations of complex affine Toda field theories, beyond su(2) and its associated sine-Gordon model (SG), has to do with unitarity. Whereas, for practical applications such as low dimensional condensed matter systems (see [18] and references therein) and N-body problems in nuclear physics [19] , the properties of interest are usually integrability and nonperturbative results of multifield Lagrangians. Therefore, integrable quantum field theories with several fields (bosons and/or fermions) deserve a special attention.
Here we construct many field generalizations of sine-Gordon (GSG) and massive Thirring (GMT) models associated to any (untwisted) affine Lie algebra and based on soliton/particle duality and unitarity. These models are whown to describe dual phases of the same theory, namely a submodel of the off-critical ATM theory defined by a local and real Lagrangian which is expected to describe the dynamics of the soliton type solutions. Beyond the well knownŝl(2) case the related off-criticalŝl(n) ATM model does not possess a local and real Lagrangian, therefore we resort to a submodel with well behaved classical solutions and real Lagrangian in which a Noether and topological currents equivalence is inherited from the original ATM model. In [20] the authors studied theŝl(3) CATM soliton solutions and some of their properties up to general 2-soliton. The local and real Lagrangian describing the soliton sector of theŝl(3) CATM model was shown to be a master Lagrangian from which the generalized sine-Gordon (GSG) or the massive Thirring (GMT) models are derivable [9] .
Here we generalize this result and provide a full Lie algebraic construction for any (untwisted) affine Lie algebra. In theŝl(n) L-ATM case it will also be clear the duality exchange of the coupling regimes and the generalized soliton/particle correspondences, which we uncover by providing explicit relationships between the GSG and GMT fields. In this way we give a precise field content of both sectors, namely the correct GMT/GSG duality, first undertaken in [21] for su(n) at the quantum level.
To this end we resort to the master Lagrangian approach [22] and the Faddeev-Jackiw (FJ) symplectic method [23] to uncover the GSG and GMT dual sectors, respectively. In the previous works onŝl(n)(n = 2, 3) ATM theory [9, 10] an extension of the FJ method applied to unravel the GSG sector produced the loss of covariance which was restored by means of a complicated canonical transformation, so, here we overcome this problem applying the master Lagrangian method which also provides a final Lagrangian manifestly invariant under the relevant group symmetry of the scalar sector. In dealing with the GMT sector the FJ method turns out to be more appropriate, in particular the Darboux's transformation, which is inherent to this approach, simultaneously diagonalize the spinor canonical oneforms, decouple these fields from the Toda fields, and in addition maintains the algebraic structures of the spinor sector for any affine Lie algebra.
The paper is organized as follows. In section 2 the model is presented, as well as its various properties such as the local symmetries and the remarkable Noether and topological currents equivalence for some special gradation structures. In section 3 we address the problem of the Lagrangian formulation of the CATM system in some suitable parameterization. There exists a local action if some extra fields are introduced in the model and that these fields are related to the original CATM fields through non-local transformations. An off-critical ATM theory is defined by spontaneously broken the conformal symmetry by setting the field η to a constant. In section 4 by using the gradation structure properties and the currents equivalence condition as guiding principles we define a local and real Lagrangian submodel which we call L-ATM. In section 5 we consider the L-ATM model as a master Lagrangian. In section 5.1 the GSG model is obtained by replacing into the master action suitable solutions for the "matter" fields and gauge fixing some residual gauge symmetries. In section 5.2 the FJ reduction method is applied to the constrained L-ATM theory in order to obtain the GMT model. In section 6 we verify the GSG/GMT relationship by providing some mappings between the fields of the models in such a way that the L-ATM equations of motion decouple into the relevant equations of motion of the dual models. In section 7 we provide an explicit affine Lie algebraic construction for the GSG/GMT correspondence based on the principal gradation of any (untwisted) affine Lie algebra. In section 8 the examples ofŝl (2) andŝl (3) are worked out. The last section is devoted to the conclusions and discussions. The Appendix provides affine Lie algebra useful properties and notations.
The model
The so-called two-loop WZNW theory is the generalization of the ordinary WZNW model to the affine case. Its action is the same as that for the usual WZNW model. Therefore, the equations of motion for the two-loop WZNW model are [24] 
where ∂ ± are derivatives w.r.t. the light-cone variables x ± = t ± x, andĝ is an element of the groupĜ formed by exponentiating an untwisted affine Lie algebraĜ. We shall consider those mappings which can be represented in a "Gauss decomposition" form 2) where N, B and M are generated by the subalgebrasĜ + ,Ĝ 0 andĜ − , respectively. Introducing
and taking into account (2.1) one gets
We will reduce the two-loop WZNW model by imposing the constraints
Let us define
(2.6)
Next, considering (2.2) and taking into account the constraints (2.4)-(2.5), the Eqs. (2.3) give rise to the system of equations for F ± m and B
Parameterize B as
withĜ * 0 being a subalgebra generated by all elements ofĜ 0 other than Q s and C (see Appendix). The fields ν and η lie in the directions which are extensions of the loop algebra and are responsible for making the system conformally invariant (see below). Replacing (2.11) into (2.8)-(2.10) one has
(2.12)
(2.14)
The system of equations (2.12)-(2.15) defines the so-called conformal affine Toda model coupled to matter fields (CATM) [5] . Let us point out that the data {Ĝ, Q s , l, E ±l } completely characterize the model defined above and various interesting physical properties will depend crucially on a given data.
The system (2.12)-(2.15) is invariant under the conformal transformation
with f and g being analytic functions and with the fields transforming as
where the conformal weight δ, associated to e −ν , is arbitrary. The conformal symmetry of the reduced model arises from the WZNW conformal symmetry because the current associated to the grading operator can be used to improve the WZNW energy-momentum tensor allowing the constraints (2.4)-(2.5) to weakly commute with it (see more details in [5, 25] ). In this paper we will be mainly interested in those models possessing the following local symmetries
In fact, the system of Eqs. (2.12)-(2.15) is invariant under the above symmetry if the following conditions are supplied
where
being subgroups ofĜ 0 .
One of the remarkable properties of some special class of CATM models away from criticality is the Noether and topological currents equivalence. So, we shall assume l = N s . This is precisely the condition which characterizes the models possessing a U(1) Noether current, which, under certain circumstances, is proportional to a topological current. Next, we briefly describe the construction of the chiral currents associated to the elements z −1 E Ns and zE −Ns and the Hamiltonian reduction CATM → ATM (off-critical) [5] . Let us construct two equations using the Eqs. 
Notice that each double sum in X ± vanishes separately 
The conditions 24) allow us to define the conserved currents
25) 26) which are the Noether and topological currents, respectively. Therefore, gauge fixing the conformal symmetry by imposing the constraints [5] : J ± = 0, we get the remarkable equivalence between the two type of currents
Notice that the above reduction amounts to setting η =constant. Moreover, it has been shown that the soliton type solutions are in the orbit of the vacuum solution η = 0 (see [5, 7, 10] ).
Effective action
It is well known that the non-abelian conformal affine Toda (CAT) model and some integrable deformations of W ZNW theories are equivalent to specific gauged (two-loop) WZNW models (see e.g. [27, 28, 25] ). The higher grading generalizations of the Toda systems associated to finite Lie algebras and their effective actions written in terms of WZNW-type actions were considered in [29] . Our aim is to generalize these effective actions to the case of affine Lie algebras. We write a local action by introducing some extra fields w ± in the model such that these fields are related to the B and F ± CATM fields through some non-local transformations. The effective action corresponding to the system of equations (2.8)-(2.10)
is written as
In the simplest l = 1 case the action (3.1)
reduces to the affine Toda system. The l = 2 case coincides with those obtained in [25, 30] for half-integral gradation of a finite Lie algebra. In [29] an analogous expression to (3.1) has been presented which includes only the w ± fields. In the case under consideration here we have included the F ± fields and regard the w ± ones as auxiliary fields. 2) and the equations derived by varying e w ∓ are
Substituting the expressions for w ∓ from (3.2) into (3.3) one gets the equations of motion (2.9)-(2.10).
Using the parameterization (2.11) and the identities (A.13)-(A.14) one can rewrite the effective action (3.1) as
Then, the effective action of the CATM system (2.12)-(2.15) in the parameterization above becomes the WZW action for the field b, plus "kinetic" type terms for the fields F 
Local affine Toda model coupled to matter (L-ATM)
In the following we address the question of locality and reality of the off-critical ATM effective action for the special models in which (2.27) holds; i.e. we consider the action (3.4) with η =const. and the condition (2.24). The relevant physical properties of the ATM model, such as the Noether and topological currents equivalence (2.27) which in turn implies the particle/soliton correspondences, are stated in terms of local expressions of the fields of the model (b and F ± m ). On the other hand, in some special models associated to the principal gradation of the algebraŝl(n) and satisfying (2.27) it has recently been shown, by direct verification of the soliton-type solutions, that the terms in the right hand side of the Eqs.
(2.13)-(2.14) inside the sums identically vanish for these kind of solutions [9, 20] . Moreover, the theory defined without these terms was shown to display the interesting properties of the original off-criticalŝl(n) ATM model; i.e. Noether/topological currents and soliton/particle correspondences [9] .
In order to define a relativistic quantum field theory with real and local Lagrangian we follow the ideas developed in the previous works [7, 9] in which some reality conditions, consistent with the equations of motion of the model, are imposed on the fields. To proceed let us notice that any integral gradation of an affine Lie algebra [26] possesses a period (e.g. for the principal gradation, period = N s = h = Coxeter number) such that the eigensubspaces, (e.g. the eigensubspaces of grades m and N s − m) have the same structure.
Moreover, subspaces of grade m and −m are always isomorphic. By choosing E l and E −l as generators related by such an isomorphism, and in addition considering l to be equal to the period asociated to the gradation, i.e. l = N s , one obtains the models satisfying the remarkable equivalence (2.27).
Since the subspaces F ± m and F ± l−m have the same structure, and in addition one can choose a compact real form of the Lie algebra G * 0 (see appendix of Ref. [27] ), recall that b =exp G * 0 , one is able to impose the reality conditions
where ' . ' maps generators with grade, say (m), to another one whith grade (l − m), and in addition it maps the corresponding 'matter' fields which lie in the relevant directions to their complex conjugates, and † is the usual hermitian conjugation operation. We assume that the representation spaces are supplied with scalar product with respect to which
2)
The equations of motion for the off-critical ATM model satisfy these reality conditions provided that we impose the constraints
in the right hand side of the Eqs. of motion (2.13)-(2.14).
Notice that the expressions (4.3) have been originated from the terms containing
in the effective action (3.4), respectively. 
This defines the reduced real (local) affine Toda model coupled to matter fields (L-ATM). Notice that (4.5) is obtained from (3.1) by neglecting the multiple commutators in the expansions of type
.., such that only the first term is keeped in < ∂ − e w − e −w − , F + m > and due to the gradation structure only the second term is maintained in < ∂ − e w − e −w − , E l >. The same steps are followed for the w + terms.
From the action (4.5) we get the following equations of motion:
The Eq. (4.7) describes the off-critical sector of Eq. (2.12). Besides, taking into account Eqs. (4.6) and the equations (4.8) one can reproduce the Eqs. (2.13)-(2.14) without the sum in the right hand sides, respectively. Then, (4.5) will describe the system
10) The remarkable properties of the ATM theory is expected to translate into the reduced real and local models. The reason is that the terms in the Eqs. of motion (2.13)-(2.14)
related to the nonlocal part of the action (3.4), which were set to zero in (4.3) to define the L-CATM model (4.5), do not contribute to the chiral currents used to implement the constraints in order to make the reduction CATM → ATM which gives rise to the above remarkable currents equivalence (2.27). In fact, the X ± sums in (2.20) do not contribute to the relations (2.19) which are used to construct the conserved two chiral currents J ± (2.23).
Notice that the X ± sums arise due to the sums in the right hand sides of Eqs. (2.9)-(2.10)
[or (2.13)-(2.14)]. These terms were set to zero to define the (real) L-ATM. Therefore, the L-ATM will inherit the remarkable properies of the off-critical ATM effective action. Then, one expects that the (real) L-ATM model will inherit from the ATM model such properties as the Noether/topological currents and soliton/particle correspondences which are intimately 
The L-ATM model as a master Lagrangian
We regard the (L-ATM) theory (4.5) as a master action from which the (generalized) sineGordon (GSG) and (generalized) massive Thirring (GMT) dual models are derivable. In the next subsections we follow the master action approach (see e.g. [22] ) and the Faddeev-Jackiw (FJ) method [23] to unravel the GSG and GMT dual sectors, respectively.
Generalized sine-Gordon model (GSG)
In order to uncover the GSG sector of the model (4.5) we follow the known technique to perform duality mappings using the master action approach [22] . Although this technique was initialy applied to vectorial models it will prove to be useful in our context. This technique consists of two points. (1) provide a master action describing the model and some auxiliary fields. (2) stablish a field equation for the auxiliary fields, solve a subset of fields in terms of the other fields and then substitute the solution into the master action. The actions are equivalent at the classical level and the relationship between them is usually refered as duality. In connection to these points, recently a parent Lagrangian method was used to give a generalization of the dual theories concept for non p-form fields [31] . In [31] , the parent Lagrangian contained both types of fields, from which each dual theory was obtained by eliminating the other fields through the equations of motion.
1
Following the approach one can remove the derivatives over x ± in Eqs. (4.8) and write them as
with f ± m (x ± ) being analytic functions. Making use of Eqs. (5.1) and (4.6) and disregarding surface terms one can write the master action (4.5) as
Solving the auxiliary fields f ± m by means of their Euler-Lagrange equations of motion and replacing into the action (5.2) one gets
In order to obtain the GSG sector we resort to a convenient gauge fixing procedure. In fact, the action (5.3) is invariant under the local symmetry (2.17)
, and E ±l satisfy (2.18). Therefore, one can make the transformation:
Proving duality by substituting one set of solutions of field equations into the master action would be not legitimate. The correct strategy is to compare the field equations corresponding to the dual theories.
The procedure will be justified below (Section 6) when we compare the field equations of both dual models through some mapping between the spinors (Dirac fields) and the scalars (Toda fields).
elements inĜ ±(l−m) satisfying reality conditions similar to F ± l−m in (4.1). Then the gauge fixed version of (5.3) becomes (set η 0 = 0)
Below we shall consider the equation of motion 
Generalized massive Thirring model (GMT)
In this section we perform the reduction using the Faddeev-Jackiw (FJ) method which proved to be useful in the simplest case ofŝl(n) (n = 2, 3) L-ATM models [10, 9] . This method will allow us to uncover the GMT sector of the master action (4.5). To this end we use some constraints of the type (2.27) which are implemented through Lagrange multipliers and considered as additional terms in the master action. Let us write the relationship (2.27) and the master action in terms of the b and W ± m fields by using the solution (5.1) with f ± m = 0. Then from (5.1) and (2.25)-(2.27) one has
and
Substituting F ± m from (5.1) (take f ± m = 0 for simplicity) into (4.5) we get
where we have included some constraints of the type (5.6)-(5.7) through Lagrange multi-
a . Clearly, λ a will stand for T r T 9) and taking into account the relationships (5.1) with f ± m = 0, these symmetries give rise to U(1) Noether currents (j µ ) a,m with components Fortunaletly we will not need to know A explicitely below, and in some special cases this term indeed vanishes, as is the case for abelian G * 0 . We next introduce the nonsingular matrix N ab (ξ) by
Then the canonical momentum conjugate to ξ a is written as
On the other hand, let us write the spinor fields as 
18)
The Hamiltonian of the theory (5.8) is then given by H = dxH with
As usual the first order Lagrangian is obtained from (5.19) simply by written
where H is given by (5.20). The next step in the FJ method consists in writing the equations of motion for the Lagrange multipliers. These equations allow us to solve the λ
and the remaining equations for λ a 0 lead to the constraints
The Lagrange multipliers λ 
Before solving the constraints (5.23) it is convenient to make the following Darboux's transformations
in (5.23) and (5.24). This procedure is used in the FJ method in order to diagonalize the canonical one-forms. Then (5.24) turns out to be
From this point forward we will concentrate on models such that
The abelian nature of the subalgebra G * 0 allows us to write N ab (ξ) = 1 in (5.14). This condition turns out the equations forξ a obtained by taking the time derivative of the constraints (5.27) more tractable; in fact, these can be solved forξ a by removing one x derivative on both sides of the equations which appear once the conservaton laws (5.12) are taking into account. For nonabelian G * 0 solving these constraints proves to be a difficult task due to the nontrivial dependence of N ab (ξ) on the fields ξ. 
From (5.29) one gets the GMT Eqs. of motion
GSG/GMT relationship
Here we provide the GSG/MTM correspondence by decoupling the L-ATM Eqs. of motion 
3) We then choose E ±l to be
where m is a vector inside the fundamental Weyl chamber (FWC), and so m · α > 0 for α > 0. Then Therefore, according to the discussion in [5] , all the fields in the direction of the step operators are Dirac fields. Then one can write
with 0 < m < l, and
Therefore, associated to the positive roots α (m) and α (l−m ′ ) , we have the Dirac fields , i with height m. According to the reality conditions (4.1) the spinors (7.8) are related to each other by complex conjugation
In the following paragraphs we present some commutators which are useful to verify the relationships (6.1)-(6.3). We have
Using (7.10) and the fact that e T F e
where c is summed over c = 1, .., r.
The commutator related to the GSG equation of motion becomes 
Taking into account Eqs. (7.2), (7.3), (7.5) and (7.6) the relationships (6.2)-(6.3) give rise to the following expressions
where (x.y) ≡ K ab x a y b .
The constraints (6.5) provide the relationships (set η 0 = 0)
.ψ
where ǫ ij ≡ ±1 originates from the Lie algebra commutators; q 1 , q 2 and q 3 are the highest positive integers such that (α
) and (α
are roots, respectively. Additional relationships are obtained by taking the complex conjugates of (7.18) and (7.19), respectively.
And the currents equivalence relation Eq. (6.6) becomes
On the other hand, conveniently substituting the Eqs. (7.14)-(7.17) and (7.18)- (7.19) into Eqs. and g mn . In fact, these relationships will encode the weak-strong duality exchange of the various coupling parameters: g → 1/g. Below we present explicit constructions for the casesŝl(2) andŝl(3).
Examples

The example ofŝl(2)
The simplestŝl(2) L-ATM theory was extensively studied from different points of view in Refs. [6, 7, 8, 10, 32] . Here we present some well known results in order to illustrate our constructions above. In this case the theory contains the usual sine-Gordon (SG) and the massive Thirring (MT) models describing the soliton/particle correspondence of its spectrum [6, 7, 32] . The one-(anti)soliton solution satisfies the reality conditions (4.1), the remarkable SG and MT classical correspondence in which, apart from the Noether and topological currents equivalence (7.20) , MT spinor bilinear is related to the exponential of the SG field [6] .
In this case the Eqs. (7.2), (7.3), (7.5), (7.6) and (7.13) become, respectively
] one can write the action (4.5) as
Taking into account the parameterizations (8.1)-(8.2) and the reality conditions (4.1)
* and ϕ pure imaginary (so, ϕ → iϕ with the new ϕ being real), from (8.4) one gets theŝl(2) L-ATM Lagrangian
The Eqs. (7.14)-(7.17) provide the relationships [6] 6) and the currents equivalence Eq. (7.20) becomes
Notice that the relations (7.18)- (7.19) in this case are trivialy satisfied. The relationships (8.6) and (8.7) have been verified for N = 1, 2 solitons [6, 7] .
In order to relate the parameters Λ,Λ, m ψ and g we use the equation (6.1), so we need 
The example ofŝl(3)
Theŝl (3) ATM model has been considered in Refs. [9, 20] . In [20] the soliton type solutions, calculation of their masses and the time delays due to the soliton interactions, as well as a confinement mechanism present in the model have been addressed. Whereas in [9] the FJ method and an extension of it were applied to theŝl(3) L-ATM model in order to uncover its dual phases. In this subsection we rederive the results of [9] in the full Lie algebraic constructions presented in previous sections. For theŝl(3) L-ATM the Eqs. (7.18)- (7.19) become non-trivial and the spinor bilinears have to be obtained in terms of the exponentials of the Toda fields by solving a linear system of equations.
The Eqs. (7.2), (7.3), (7.5) and (7.6) become, respectively
14)
Since the parameters Λ ± m (7.12)-(7.13) have similar structures to the F ± m 's we may write them simply by substituting
, one can write the action (4.5) as 
The currents equivalence Eq. (7.20) becomes
The equivalence (8.19) has recently been verified for the various soliton species up to 2−soliton [20] . Moreover, the soliton solutions satisfy the reality conditions for the fields (4.1), and the constraints (7.18)-(7.19).
For b and E ±3 given in (8.11)-(8.12) and taking into account the elements Λ 
On the other hand, replacing (8.12)-(8.16) into (5.29) one obtains the GMT Lagrangian
From the relationships (6.2)-(6.3) and (6.5) between the GMT and GSG fields the bilinears of the type ψ
and their complex conjugates, deserve a special attention since they appear in the Eq (7.11) and is used to stablish certain relationships between the coupling constants of both models by comparing (7.11) and (7.12) in accordance with Eq. (6.1).
So, a system of linear equations for these kind of spinor bilinears can be written using the Eqs. (7.14)-(7.17) and (7.18)- (7.19) . Solving such system of linear equations one may get These relationships incorporate eachŝl(2) ATM submodel (particle/soliton) weak/strong coupling correspondences; i.e., the MT/SG relationship (8.6)-(8.7) and (8.10).
The procedure presented so far can directly be extended to the L-ATM model for the affine Lie algebraŝl(n) furnished with the principal gradation. The theory will be described by the scalar fields ϕ a (a = 1, ...n − 1) and the Dirac spinors ψ α j , ψ α j , (j = 1, ...N; N ≡ n 2 (n − 1) = number of positive roots α j of the simple Lie algebra sl(n)) related to the GSG and GMT models, respectively. From the point of view of its solutions, the one-(anti)soliton solution associated to the field φ j = α j .ϕ (ϕ = n−1 a=1 ϕ a α a , α a = simple roots of sl(n)) corresponds to each pair of Dirac fields (ψ α j , ψ α j ) [5] .
Conclusions and discussions
We have defined a real and local Lagrangian, the so-called L-ATM theory (4.5) imposing some reality conditions The L-ATM model allowed us to stablish these type of relationships for interacting massive spinors in the spirit of particle/soliton correspondence. We hope that the quantization of the L-ATM theories and the related WZNW models, and in particular the relationships of type (7.14)-(7.17), would provide the bosonization dictionary of the GMT fermions in terms of their associated Toda and WZNW fields. In addition, the above approach to the GMT/GSG duality may be useful to construct the conserved currents and the algebra of their associated charges in the context of the CATM → L-ATM reduction. These currents in the MT/SG case were constructed treating each model as a perturbation on a conformal field theory (see [33] and references therein).
Notice that in the GSG model (5.4)-(5.5) the WZ-term does not contribute for G * 0 abelian according to (5.28); i.e. b is an element of an abelian group. In relation to this point, let us mention that in [34] it has been conjectured that the nonlinear sigma model without the WZ term for a compact simple group is equivalent as a quantum theory to the so-called non-abelian massless Thirring model.
In particular theŝl(n) L-ATM models may be relevant in the construction of the lowenergy effective theories of multiflavor QCD 2 (in which the baryons of QCD 2 are sine-Gordon type solitons [35] ) with the dynamical fermions in the fundamental and adjoint representations, so providing an extension of the picture described in [8] for theŝl(2) case. In multiflavor QCD 2 effective Lagrangian the "baryons" of the theory may be described by GMT-like theories as conjectured in [36] .
Moreover, two dimensional models with four-fermion interactions have played an important role in the understanding of QCD (see, e.g. [37] and references therein). Aŝl (3) GMT submodel with two-fermion species defines the so-called extended Bukhvostov-Lipatov model (BL) and has recently been studied by means of a bosonization technique [38] . BL type models were applied to N−body problems in nuclear physics [19] . Fermion-boson duality in 1-space quantum mechanical many-body system with non-vanishing zero-range interactions has been derived in [39] , we believe that the GSG/GMT relationship could provide a field theoretical framework to study such type of problems.
Although S-duality must be seen at the quantum level (the 2D analogue of the MontonenOlive conjecture) we hope that the present work provides the algebraic recipe to construct the bosonic dual of the GMT theory (5.29) associated to any (untwisted) affine Lie algebra since the form of the relationships of type (8.10) and (8.25)- (8.27 ) between the couplings are expected to remain almost the same in the full quantum regime (in the simplestŝl(2) case the SG/MT S-duality implies the shift of g by a constant in Eq. (8.10) [40] ).
Notice that relaxing one or both of the conditions (5.28) one can get some deformations of the GMT(or the GSG) model. For example the caseŝl(2) (l = 3) contains the SG theory as a submodel [5] . For some particular Lie algebra data the authors of Refs. [14, 41] have been concerned with such type of systems. In [41] the author studied families of S-dual pairs of integrable models in which the strong phase is represented by (complex) sine-Gordon model interacting withĜ abelian affine Toda theories and the weak coupling models represent MT fermions interacting with the abelian affine Toda model based on the dual algebraĜ v .
Finally, using the explicit expresion for the effective action (3.4) corresponding to the CATM model (2.12)-(2.15) one can obtain the energy-momentum tensor, and hence compute in a direct way the masses of the solitons which were calculated in [5] as the result of the spontaneous breakdown of the conformal symmetry. Moreover, these masses should 
